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1. Introduction
In this note we study two features of submanifolds (or possibly singular subva-
rieties) Z with ample normal bundle in a compact Ka¨hler manifold X .
First we ask whether Z influences the algebraic dimension a(X), i.e., the maxi-
mal number of algebraically independent meromorphic functions. One expects (for
simplicity we shall assume Z smooth)
1.1. Conjecture. Let X be a compact Ka¨hler manifold containing a compact
submanifold Z of dimension d ≥ 1 with ample normal bundle. Then a(X) ≥ d+ 1.
If d = dimX − 1, then it is classically known that X is projective, but in
higher codimension there are only a few results, [BM04], [OP04]. These results
will be explicity discussed in Section 3. We just mention here that for threefolds
containing a curve with ample normal bundle, the conjecture holds up to a strange
phenomenon concerning threefolds without meromorphic functions. Our results
can be summarized as follows.
1.2. Theorem. Conjecture 1.1 has a positive answer in the following cases;
actually in all cases X is even projective.
(1) Z moves in a family covering X ;
(2) X is hyperka¨hler with a(X) ≥ 1;
(3) Z is uniruled.
Up to the standard conjecture that compact Ka¨hler manifolds with non-pseudo-
effective canonical bundles must be uniruled, assertion (3) even holds if Z is not
of general type. These results might suggest that Conjecture 1.1 has a stronger
version saying that X must be projective. But this is very unlikely; we exhibit -
based on [OP04] - a candidate for a Ka¨hler threefold X with a(X) = 2 containing
a curve with ample normal bundle. However a construction is still missing.
Date: November 9, 2018.
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The second part of the paper is concerned with projective manifoldsX and curves
C ⊂ X with ample normal bundles. In the “dual” situation of a hypersurface Y with
ample normal bundle, the line bundle OX(Y ) is big and therefore in the interior of
the pseudo-effective cone. Therefore we expect that the class [C] is in the interior
of the Mori cone NE(X) of curves:
1.3. Conjecture. Let X be a projective manifold, C ⊂ X a curve with ample
normal bundle. Then [C] is in the interior of NE(X).
Equivalently, if L is any nef line bundle, such that L · C = 0, then L ≡ 0. We
prove
1.4. Theorem. Let X be a projective manifold, C ⊂ X a smooth curve with
ample normal bundle and L a nef line bundle on X. If H0(X,mL) 6= 0 for some
m > 0 and if L · C = 0, then L ≡ 0.
The key is the fact, due to M.Schneider, that the complement X \ C is (n −
1)−convex in the sense of Andreotti-Grauert where n = dimX. Therefore we prove
more generally
1.5. Theorem. Let Z be an (n−1)−convex manifold of dimension n. Let Y ⊂ Z
be a compact hypersurface (possibly reducible and non-reduced). Then the normal
bundle NY/Z cannot be nef.
It is tempting to ask for generalizations for q−convex manifolds and subvarieties
of higher codimension; we discuss this in Section 4. We also prove some further
results in the spirit of Theorem 1.4.
2. Preliminaries
We start by fixing some notations.
(1) Given a complex manifold X and a complex subspace Y ⊂ X with defining
ideal sheaf I, the normal sheaf NY/X of Y is given by
NY/X = Hom(I/I
2,OY ) = (I/I
2)∗.
(2) A coherent sheaf S on a compact complex space X is ample if the tauto-
logical line bundle O(1) on P(S) is ample. Here the projectivization is taken in
Grothendieck’s sense (cp. e.g. [Ha77], II.7). For details on ample sheaves we refer
e.g. to [AT82].
(3) The algebraic dimension, the transdental degree over C of the field of meromor-
phic functions, of a compact manifold X will be denoted by a(X).
(4) A compact Ka¨hler manifold (or a manifold in class C, i.e. bimeromorphic to a
Ka¨hler manifold) is called simple, if there is no proper compact subvariety through
a very general point of X. Equivalently, there is no family of proper subvarieties of
X which cover X . In particular a(X) = 0.
The only known examples of simple manifolds are - up to bimeromorphic equiva-
lence - general complex tori and “general” hyperka¨hler manifolds. In dimension 3,
Brunella [Br06] proved that the canonical bundle of a simple manifold X must be
pseudo-effective. It is also known [DP03] that if a simple threefold X has a minimal
model X ′, i.e. X ′ is a normal Ka¨hler space with only say terminal singularities and
KX′ is nef, then κ(X) = 0, but it is very much open whether KX′ ≡ 0. Once this
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is known, it follows that X is bimeromorphic to a quotient of a torus by a finite
group.
The following proposition will be used to establish projectivity in section 3.
2.6. Proposition. Let X be a compact Ka¨hler manifold and (Zs)s∈S a covering
family of subvarieties. Assume that the general Zs is irreducible and reduced and
that some irreducible reduced member Z0 has ample normal sheaf. Then the general
member Zs is Moishezon.
Proof. Let q : U → S be the graph of the family, with projection p : U → X. We
obtain an inclusion p∗(Ω1X)→ Ω
1
U and in combination with the canonical surjection
Ω1U → Ω
1
U/S a map
α : p∗(Ω1X)→ Ω
1
U/S .
Let S = Ker(α), a torsion free sheaf of rank say r. Take s ∈ S such that Zs
is irreducible and reduced and consider the complex-analytic fiber Z˜s := q
−1(s).
Then Z˜s is generically reduced and set-theoretically we have Z˜s = Zs, i.e., Zs is
the reduction of Z˜s. It follows immediately that
(S|Zs)/tor = p
∗(N ∗Zs/X)/tor.
We basically need this for s = 0. Namely, let T = (
∧r S)∗. Then T is a torsion
free sheaf of rank 1, and by our assumption (T |Z0)/tor is ample. We now first take
normalizations U˜ → U and S˜ → S and then a desingularization Uˆ → U˜ , inducing
a projection qˆ : Uˆ → S˜. Let s0 ∈ S˜ be a point over 0 and Zˆs0 be the set-theoretic
fiber over s0, which might be reducible. Let A0 be the irreducible component of
Zˆs0 mapping onto Zs0 . Thus we have a birational map A0 → Z0. We may choose
pi such that
pi∗(T )/tor =: Tˆ
is locally free. Then Tˆ |A0 is big and nef, since T |Z0 is ample. Since Uˆ → U is a
projective morphism, we find a line bundle M on Uˆ such that L = (Tˆ )⊗N ⊗M
is ample on every component of Zˆs0 . Hence L|Zˆs0 is ample, and therefore L|Zˆs is
ample for general s. Consequently the general Zs is Moishezon.

3. The algebraic dimension
In this section we study the following
3.1. Conjecture. Let X be a compact Ka¨hler manifold and Z ⊂ X an irreducible
compact subvariety of dimension d. Assume that the normal sheaf NZ/X is ample.
Then a(X) ≥ d+ 1.
In case Z is a divisor, the line bundle OX(Y ) is big (and nef), thus X is Moishe-
zon, hence projective. In higher codimension, there are basically two results con-
firming the conjecture.
3.2. Theorem. [OP04] Let X be a smooth compact Ka¨hler threefold, C ⊂ X an
irreducible curve with ample normal sheaf. Then a(X) ≥ 2 unless possibly X is
a simple threefold which is not bimeromorphic to a quotient of a torus by a finite
group.
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3.3. Theorem. [BM04] Let X be a compact Ka¨hler manifold of dimension n,
and Y ⊂ X a locally complete intersection of dimension p with ample normal
bundle. Assume furthermore that there is covering family (Zs)s∈S of q−cycles with
p + q + 1 = n. Then either a(X) ≥ p + 1 or the following holds. The compact
irreducible parameter space S is simple with dimS = p+ 1, the set
Σ = {s ∈ S | Zs ∩ Y 6= ∅ }
has pure codimension 1 in S, and S \ Σ is strongly pseudo-convex.
Specifying to p = 1, we obtain from Theorem 3.3
3.4. Corollary. Let X be a compact Ka¨hler manifold of dimension n and Y ⊂ X
a smooth curve (or 1−dimensional local complete intersection) with ample normal
bundle. Suppose that X is covered by subvarieties of codimension 2. Then a(X) ≥ 2.
Proof. By our assumption there is a covering family (Zs)s∈S of (n− 2)−cycles. We
apply the theorem of Barlet-Magnusson and need to exclude the second alternative
in Theorem 3.3. So assume that dimS = 2, that S is simple, the set Σ has dimension
1 with strongly pseudo-convex complement S \Σ. Now normalize S and apply the
following lemma to produce a contradiction. 
3.5. Lemma. Let S be a normal compact surface whose desingularisation is
Ka¨hler. Assume that there is an effective curve Σ ⊂ S such that S \ Σ is strongly
pseudo-convex. Then a(S) ≥ 1.
Proof. Since S has only finitely many singularities, we may blow up and assume
from the beginning that S is smooth. Let τ : S → S0 be a minimal model. Then,
arguing by contradiction, S is either a torus or a K3-surface with a(S0) = 0. In the
K3 case, we contract all (−2)−curves and call the result again S0. Thus in both
cases, S0 is a (normal) surface with any curves. By our assumption, we find a non-
constant holomorphic function f ∈ O(S \ Σ). This function yields a non-constant
holomorphic function on S0 outside a finite set, which is absurd. 
3.6. Remark. Corollary 3.4 should be true for all p. For this we would need to
prove the following.
Let X be a normal compact Ka¨hler space, Σ ⊂ X purely 1−codimensional such that
X \ Σ strongly pseudo-convex. Then X cannot be simple.
Assume X is simple and dimX = 3. As explained in Section 2, X should be
bimeromorphic to T/G, where T is a simple torus and G a finite group. We verify
the above assertion in this case. So let Σ ⊂ X be purely 1-codimensional such that
X \ Σ is strongly pseudo-convex. Let pi : Xˆ → X be bimeromorphic such that Xˆ
admits a holomorphic bimeromorphic map f : Xˆ → T/G. Let Σˆ be the preimage
of Σ. Then Xˆ \ Σˆ carries non-constant holomorphic functions. On the other hand,
dim f(Σˆ) = 0. This is a contradiction.
Of course, this argument holds in all dimensions.
In the following we adress the question whether in Theorem 3.2 the case a(X) = 2
can really occur, following ideas in [OP04].
3.7. Pseudo-Example. Let X be a smooth compact Ka¨hler threefold with
a(X) = 2.
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We assume that we have a holomorphic algebraic reduction
f : X → S
to a smooth projective surface S with the following properties:
(1) there is an irreducible curve B ⊂ S with B2 > 0 whose preimage XB =
f−1(B) is irreducible;
(2) the general fiber of f |XB is a singular rational curve (with a simple cusp
or node);
(3) XB is projective.
Notice that XB is always Moishezon, but the projectivity is not automatic.
Given these data, we choose a general hyperplane section C ⊂ XB, hence C is a
local complete intersection in X. Furthermore we have an exact sequence of vector
bundles
0→ NC/XB → NC/X → NXB/X |C → 0.
Since NXB/X |C = f
∗(NB/S)|C is ample, the bundle NC/X is ample, too.
If B is smooth, so does C.
Certainly a Ka¨hler threefold X with the first two conditions must exist, although
an explicit construction seems not so easy. Also it is plausible that the third con-
dition should hold in certain cases.
It is easy to fulfill all conditions if one allows B2 = 0. Here are the details. We
start with a Ka¨hler surface S1 of algebraic dimension 1 with algebraic reduction
f1 : S1 → T = P1. We may choose S1 such that there is a point x0 ∈ T so that the
fiber f−11 (x0) is an irreducible rational curve with a simple cusp or node. Let S2
be P2 blown up in 9 points so that there is an elliptic fibration f2 : S2 → T . Set
X = S1 ×T S2.
Here we have arranged things so that X is smooth, by arranging f2 to be smooth
over the singular set of f1. The projection h : X → S2 is the algebraic reduction;
in particular a(X) = 2. Let B = f−12 (x0), an elliptic curve, and observe that
XB ≃ f
−1
1 (x0)×B which is projective.
If Z is a subvariety with ample normal sheaf moving in a covering family, things
get much easier.
3.8. Theorem. Let X be a compact Ka¨hler manifold and Z ⊂ X an irreducible
reduced subspace with ample normal sheaf. Assume that Z moves in a generically
irreducible and reduced family (Zs)s∈S which covers X. Then X is projective.
Proof. By Proposition 2.6 the general Zs is Moishezon. We may assume that the
family (Zs) is not connecting, i.e. two general points cannot be connected by a chain
of curves Zs, otherwise X is already projective by Campana [Ca81], since then X is
algebraically connected. Hence we may consider the quotient of the family, yielding
an almost holomorphic map f : X 99K W , which contracts two general points to
the same point in W iff they can be joined by a chain of members Zs; cp. [Ca81],
[Ca04]. Since the family is not connecting, we have dimW > 0. Now the general
Zs is contained in a compact fiber Xw. Thus we get a generically surjective map
NZs/X → NXw/X |Zs ≃ O
⊕k
Zs
.
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This contradicts the ampleness of NZs/X . 
Notice that the ampleness of the normal sheaf of Z does not necessarily means
that even a multiple of Z moves; see [FL82] for an example.
We adress finally the interesting case that X is a hyperka¨hler manifold.
3.9. Theorem. Let X be a compact hyperka¨hler manifold, C ⊂ X an irreducible
curve with ample normal sheaf. If a(X) ≥ 1, then X is projective.
Proof. Suppose X not projective. Following some arguments in [COP10] (3.4), let
g : X 99K B be an algebraic reduction, pi : Xˆ → X a bimeromorpic map from a
compact Ka¨hler manifold Xˆ such that the induced map f : Xˆ → B is holomorphic.
Fix an ample line bundle A on B and set
L = (pi∗f
∗(A))∗∗.
Then by [COP10] (3.4), the line bundle L is nef with L·C = 0. Since L is effective,
this contradicts Theorem 4.3 resp. Corollary 4.4 below. 
3.10. Remark. Theorem 3.9 should hold without the assumption that a(X) ≥ 1.
In other words, a hyperka¨hler manifold X of dimension 2n containing an irreducible
curve C with ample normal sheaf should be projective. Let qX be the Beauville
form. Then we have an isomorphism
ι : H1,1(X,Q)→ H2n−1,2n−1(X,Q),
see [COP10], p.411, for details. In particular, there exists u ∈ H1,1(X,Q) such
ι(u) = [C], which is to say that
a · C = qX(a, u)
for all a ∈ H1,1(X,Q). Since u is a rational class, there exists a positive rational
number λ and a line bundle L such that u = λc1(L). The hope now is that the
positivity of the normal sheaf of C implies that L is nef (and that L is semi-ample).
If C ⊂ X is a smooth curve with small genus and ample normal bundle, we have
the following algebraicity result [OP04]:
3.11. Proposition. Let X be a compact Ka¨hler manifold and C ⊂ X a smooth
curve with ample normal bundle. If g(C) ≤ 1, the manifold X is projective.
Actually much more holds. If g(C) = 0, then X is rationally connected, and
if g(C) = 1, then either X is rationally connected or the rational quotient has
1−dimensional image. In the latter case we have a holomorphic map f : X → W
with rationally connected fiber to an elliptic curve W and B is an e´tale multi-
section.
This can be generalised to higher dimensions in the following way.
3.12. Theorem. Let X be a compact Ka¨hler manifold and Z ⊂ X a compact
submanifold with ample normal bundle. If Z is uniruled, X is projective.
Proof. Since Z is uniruled and the normal bundle NZ/X is ample, it is clear that
X is uniruled, too. Let f : X 99K W be “the” rational quotient. Then we apply
Theorem 3.7 in [Pe06] to conclude that Z dominates W (we may apply Theorem
3.7, since the essential ingredient Lemma 3.6 works also in the Ka¨hler case). Since
Y is projective as well as the fibers of f, we conclude that any two points of X can
be joined by a chain of compact curves, hence X is projective by [Ca81]. 
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3.13. Remark. Theorem 3.12 should remain true if we assume κ(Z) < dimY
instead of the uniruledness of Z. In fact, the Ka¨hler version of Theorem 3.2 in
[Pe06] proves that at least KX is not pseudo-effective. It is conjectured, but com-
pletely open in dimension at least 4, that then X is uniruled. Once we know the
uniruledness, we conclude as before.
One can also prove versions of the preceeding theorem weakening the ampleness
condition.
4. Curves with ample normal bundles and the cone of curves
If X is a projective manifold containing a hypersurface Y with ample normal
bundle, then - as already mentioned - the line bundle OX(Y ) is big and therefore
the class [Y ] is in the interior of the effective cone of X . Dually we expect
4.1. Conjecture. Let X be a projective manifold, C ⊂ X an irreducible curve.
If the normal sheaf NC/X is ample, then [C] is in the interior of the Mori cone
NE(X).
This conjecture can be restated as follows.
4.2. Conjecture. Let X be a projective manifold, L a nef line bundle and C ⊂ X
an irreducible curve with ample normal bundle. If L · C = 0, then L ≡ 0.
It is interesting to note that in codimension different from 1 and n − 1, the
corresponding statement is false, as demonstrated by an example of Voisin [Vo08].
We consider first the case when L has a section with smooth zero locus and when
C is smooth:
4.3. Theorem. Let X be a projective manifold, Y ⊂ X a smooth hypersurface
with nef normal bundle. Let C ⊂ X be a smooth curve with ample normal bundle.
Then Y ∩ C 6= ∅.
Proof. Let n = dimX. Suppose to the contrary that Y ∩C = ∅ and set Z = X\C. By
[Um73], the normal bundle NC/X is Griffiths-positive, hence by Schneider [Sch73],
Z is (n − 1)−convex in the sense of Andreotti-Grauert [AG62]. By the finiteness
theorem of Andreotti-Grauert
dimHn−1(Z,F)
for any coherent sheaf F on Z. We will use in the following only line bundles F .
Let Yk be the k−th infinitesimal neighborhood Y, i.e., Y is defined by the ideal IkY .
Consider the exact sequence
Hn−1(Z,F)→ Hn−1(Yk,F)→ H
n(Z, IkY ⊗F).
The last group vanishing due to the non-compactness of Z (Siu [Si69]), we conclude
that dimHn−1(Yk,F) is bounded from above: there is a constantM > 0 such that
(1) dimHn−1(Yk,F) ≤M
for all positive k.
Now choose F to be a negative line bundle on Y. Then by Kodaira vanishing
(2) H1(Y,KY ⊗N
µ
Y ⊗F
∗) = 0
for all µ ≥ 0. Dually
Hn−2(Y,N∗µY ⊗F) = 0.
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Therefore we obtain an exact sequence
0→ Hn−2(Yk,F)→ H
n−2(Yk−1,F)→ H
n−1(Y, (N∗Y )
k ⊗F)→
→ Hn−1(Yk,F)
ak→Hn−1(Yk−1,F)→ 0.
By the boundedness statement (1), ak is an isomorphism for k≫ 0. Thus
Hn−1(Y, (N∗Y )
k ⊗F) = 0
for k ≫ 0. Dualizing
H0(Y,KY ⊗N
k
Y ⊗F
∗) = 0
for all k ≥ k0(F)). Setting for simplicity B = NY and A = F∗, we are in the
following situation:
B is a nef line bundle on Y such that for all ample line bundles A there is a number
k0 such that
H0(Y,KY ⊗ kB ⊗A) = 0
for k ≥ k0(A).
Equivalently by Kodaira vanishing
χ(Y,KY ⊗ kB ⊗A) = 0.
This is clearly impossible by Riemann-Roch, reaching a contradiction. Actually we
do need to consider all ample A here; it suffices to take for A the powers of a fixed
ample line bundle.

4.4. Corollary. Let L = OX(Y ) be a nef line bundle with Y smooth. Let C ⊂ X
be a smooth curve with ample normal bundle. Then L · C > 0.
Proof. Assume L · C = 0. Then by Theorem 4.3, C ⊂ Y. Now the normal bundle
sequence
0→ NC/Y → NC/X → NY/X |C = OC → 0
contradicts the ampleness of NC/X . 
4.5. Theorem. Theorem 4.3 remains true for singular, possibly non-reduced,
reducible hypersurfaces Y.
Proof. The proof in the smooth case basically goes over, with the following modi-
fications. Of course, the use of Kodaira vanishing (2) is critical. We fix a negative
line bundle F which we may choose as restriction of a negative line bundle F˜ on
X. Then we can apply Kodaira vanishing on X to obtain the vanishing (2), also for
higher Hq’s. Namely
Hq(X,KX ⊗ F˜
∗ ⊗OX((µ + 1)Y )) = H
q+1(X,KX ⊗ F˜
∗ ⊗OX(µY )) =
implies (using the adjunction formula)
Hq(Y,KY ⊗F
∗ ⊗NµY ) = 0.
At the end we compute χ(KY ⊗kB⊗A) via Riemann-Roch on X. In fact, we obtain
as before that
χ(Y,KY ⊗N
k
Y ⊗A) = 0 (∗)
for all extendible ample line bundle A on Y and k ≥ k0(A). Here extendibility
means that there is an ample line bundle A˜ on X such that A˜|Y = A. Then by (*)
χ(X,KX ⊗O(kY ) ⊗ A˜) is constant for large (hence all) k. By Riemann-Roch this
immediately implies Y ≡ 0, which is absurd. 
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4.6. Corollary. Conjecture 4.2 holds, if L is effective and C smooth (with ample
normal bundle).
This is a consequence of Theorem 4.5 and the following
4.7. Lemma. Let Y =
∑N
i=1miYi be an effective nef divisor on the projective
manifold X. Let C ⊂ X be an irreducible curve with ample normal sheaf. Suppose
that suppY ∩C 6= ∅. Then Y · C 6= 0.
Proof. We may assume that C ⊂ supp(Y ). Let Y1, . . . , Ys be the components Yj
such that C ⊂ Yj .We may furthermore assume that Yj ·C ≤ 0 for some j, otherwise
we are already done. After renumbering, we have j = 1. Consider the canonical
map
κ : N∗Y1/X |C → N
∗
C/X .
Since N∗Y1/X |C is nef, κ|C = 0. This is to say that C ⊂ Sing(Y1). By taking power
series expansions of the local equation of Y1, we obtain a number k ≥ 2 and a
non-zero map
N∗Y1/X |C → S
kN∗C/X ,
contradicting again the nefness of N∗Y1/X |C. 
The proof of Theorem 4.5 actually shows
4.8. Corollary. Let Z be an (n − 1)−convex complex manifold of dimension n
and Y ⊂ X a compact hypersurface. Then the normal bundle NY/Z cannot be nef.
This leads to the following
4.9. Question. Let X be a q−convex manifold and Y ⊂ X a compact subvariety
with nef normal sheaf. Is then dim Y ≤ q − 1?
Besides the case q = n − 1, this question has a positive answer also for q = 1,
because then there exists a proper modification φ : X → Y to a Stein space Y .
Thus dim φ(C) = 0 which easily contradicts the nefness of the normal sheaf of the
curve Y .
Even if Y has ample normal sheaf, Question 4.9 is wide open. In fact a posi-
tive answer to Question 4.9 would imply a solution to the following conjecture of
Hartshorne
Let Z be a projective manifold contaning submanifolds X and Y with ample
normal bundles. If dimX + dimY ≥ dimZ, then X ∩ Y 6= ∅.
For further informations on this conjecture, we refer to [Pe09].
The connection to Question 4.9 is provided by the convexity of Z \X resp. of
Z \ Y .
4.10. Remark. If C is a singular curve, Theorem 4.5 should essentially remain
valid. The only point which needs to be shown is the (n − 1)−convexity of the
complement X \C, which is somehow subtle. Here is what is known. If C is locally
a complete intersection, there is no problem, [Sch73], things basically work as in
the smooth case. In general, it follows from the results of Fritzsche [Fr76],[Fr77],
that X \ C is (n − 1)−convex, provided that the rank of the conormal sheaf I/I2
at every point is at most n− 1, which means of course that I/I2 is locally free of
rank n− 1.
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Instead making assumptions on the line bundle L, one might instead impose
conditions on C.
4.11. Theorem. Let X be a projective manifold, C ⊂ X be an irreducible curve
with ample normal bundle. Assume that C moves in a family (Cs) covering X. Let
L be a nef line bundle with L · C = 0. Then L ≡ 0.
Proof. Let f : X 99K W be the nef reduction of L, citeworkshop The map f is
almost holomorphic and, due to the existence of the family (Cs), the map f is not
trivial: dimW < dimX. A general member Cs has still ample normal bundle; on
the other hand Cs is contained in a (compact) fiber of f. This is only possible when
dimW = 0. Hence L ≡ 0 by [workshop]. 
It is of course not true that a curve with ample normal bundle is in the interior
of the movable cone ME(X). Simply start with a projective manifold Y containing
a curve C with ample normal bundle and let pi : X → Y be the blow-up of Y at a
point Y 6∈ C. If E ⊂ X is the exceptional divisor, then E ·C = 0, hence [C] is in the
boundary of ME(X), since ME(X) is the dual cone of the pseudo-effective cone
by [BDPP04]. In some vague sense this however should be the only obstruction:
4.12. Conjecture. Let X be a projective manifold and C ⊂ X a curve with
ample normal sheaf. Let L be a pseudo-effective line bundle with L · C = 0. Then
the numerical dimension ν(L) = 0.
For the notion of the numerical dimension of a pseudo-effective line bundle we
refer to [Bou04] and [BDPP04]. In case L is nef, ν(L) = 0 just says that L ≡ 0, so
that Conjecture 4.12 implies 4.2 (which is of course clear from the point of view of
cones: ME(X) ⊂ NE(X)).
Here is some evidence for Conjecture 4.12.
4.13. Proposition. Let L be a line bundle and C ⊂ X an irreducible curve with
ample normal sheaf. Assume that L · C = 0. Then κ(L) ≤ 0.
Proof. This is a direct consequence of [PSS98], Theorem 2.1. 
4.14. Remark. A pseudo-effective line bundle L admits by Boucksom [Bou04] a
so-called divisorial Zariski decomposition:
L ≡M + E,
where M is an R−divisor which is nef in codimension 1 and E is an effective
R−divisor. Suppose that L · C = for a curve C with ample normal sheaf. Since
[C] ∈ME(X), we have E · C ≥ 0 and M · C ≥ 0, hence
M · C = 0.
Notice thatM ≡ 0 is equivalent to ν(L) = 0. Therefore Conjecture 4.12 is equivalent
to the following conjecture
4.15. Conjecture. Let X be a projective manifold, C ⊂ X an irreducible curve
with ample normal sheaf and L an R−divisor which is nef in codimension 1. If
L · C = 0, then L ≡ 0.
In order to show that the class [C] of an irreducible curve C ⊂ X is in the interior
of the movable cone one needs a more global assumption than just the ampleness
of the normal sheaf. We shall use the following notation introduced in [PSS99].
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4.16. Definition. Let X be a projective manifold. A sequence
Yq ⊂ Yq+1 ⊂ . . . ⊂ Yn = X
of k−dimensional irreducible subvarieties Yk ⊂ X is an ample q−flag if for every
q ≤ k ≤ n − 1 there is an ample Cartier divisor Dk on the normalization ηk+1 :
Y˜k+1 → Yk+1 such that Yk = ηk+1(supp(Dk+1)).
4.17. Remark. The main result in [BDPP04] implies that the closed cone gener-
ated by the classes of curves appearing as the first member of an ample (n−1)−flag
is the movable cone.
Now we have easily
4.18. Theorem. Let X be a projective manifold, C ⊂ X an irreducible curve
appearing in ample flag
C = Y1 ⊂ . . . ⊂ Yq . . . ⊂ Yn = X.
Then [C] is in the interior of ME(X).
Proof. We need to prove the following statement.
Let L be a pseudo-effective line bundle with L · C = 0. Then L ≡ 0.
We prove inductively that L|Yi ≡ 0 for all i.
The claim for i = 1 is our assumption L · C = 0. So suppose the statement for i,
i.e. L|Yi ≡ 0. Using the notations of Definition 4.16 we find an ample divisor Di+1
on Y˜i+1 such that
η∗i+1(L)| suppDi+1 ≡ 0
Now we conclude by the following proposition. 
4.19. Proposition. Let X be a normal projective variety, D =
∑
miDi an ample
divisor and L a pseudo-effective line bundle. If L|Di ≡ 0 for all i, then L ≡ 0.
Proof. By assumption, L · Di = 0 for all i, hence L ·D = 0. Let H1, . . . , Hn−2 be
arbitrary very ample divisors. Then
L ·H1 · . . . ·Hn−2 ∈ NE(X),
since L is pseudo-effective. Hence the vanishing
L ·H1 · . . . ·Hn−2 ·D = 0
together with the ampleness of D implies
L ·H1 · . . . ·Hn−2 = 0.
This is only possible when L ≡ 0. 
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